The purpose of this paper is to study hypersurface isolated singularities by using partial differential operators based on D-modules theory. Algebraic local cohomology classes supported at a singular point that constitute the dual space of the Milnor algebra are considered. It is shown that an isolated singularity is quasi-homogeneous if and only if an algebraic local cohomology class generating the dual space can be characterized as a solution of a holonomic system of first order partial differential equations.
§1. Introduction
In this paper, we consider isolated hypersurface singularities and give in particular characterization of quasi-homogeneity of these singularities from the viewpoint of the theory of D-modules.
Let us recall the following theorem concerning to the quasi-homogeneous singularities due to K. Saito;
1. There is a holomorphic coordinate transformation ϕ such that ϕ(f ) is a weighted-homogeneous polynomial.
2. There exist holomorphic functions a j (z) ∈ O X,O , j = 1, . . . , n such that f (z) = a 1 (z) ∂f (z) ∂z 1 + · · · + a n (z) ∂f (z) ∂z n .
In 1996, Y.-J. Xu and S. S.-T.Yau ( [12] ) gave a characterization of quasihomogeneity of a hypersurface singularity in terms of its moduli algebra (i.e., Tjurina algebra).
Apart from the hypersurface case, characterization of quasihomogeneity have been studied by G.-M. Greuel ([2] ), G.-M. Greuel, B. Martin and G. Pfister ( [3] ), J. Wahl ([11] ) for isolated complete intersection singularities. They showed that, for several cases, the quasihomogeneity can be characterized by the equality of Milnor number and Tjurina number. More recently, H. Vosegaard ([10] ) extended this characterization to any isolated complete intersection singularities.
In this paper, we derive a new characterization of quasihomogeneity of hypersurface isolated singularities by considering D-module properties of algebraic local cohomology classes. The main objects of examination are an algebraic local cohomology class, denoted by σ, which generates the dual space of Milnor algebra, and the associated holonomic system of first order differential equations.
In §2, we introduce the ideal Ann
(σ) generated by annihilating differential operators for a generator σ of order at most one and give a description of the solution space in the algebraic local cohomologies
(σ) (Theorem 2.1). In §3, we give an equivalent condition, in terms of the holonomic system, for isolated singularities to be quasihomogeneous (Theorem 3.1 and Proposition 3.1). In §4, we give examples.
The approach adopted in this paper can be applied to a study of non quasihomogeneous isolated singularities. Some applications to unimodal singularities will be treated elsewhere ( [6] 
Let Σ f denote the space consisting of algebraic local cohomology classes annihilated by the Jacobi ideal J f :
Σ f can be identified with Ext
where Ω n X is the sheaf of holomorphic differential n-forms. Then, by the non-degeneracy of the Grothendieck local duality The dual space Σ f can be generated by a single algebraic local cohomology class, denoted by σ, over O X,O :
Let us consider first order differential operators that annihilate σ in the sheaf D X,O of linear partial differential operators. We have the following fundamental property; Lemma 2.1.
Let σ be an algebraic local cohomology class which generates Σ f over O X,O . Annihilating differential operators of order one for the cohomology class σ act on the space Σ f .
Since any class η in Σ f can be written as
where Q is the multiplication operator in
Let L f be the set of linear partial differential operators of order at most 1 which annihilate σ:
It is obvious from the proof of Lemma 2.1 that the condition whether a given first order differential operator P acts on Σ f or not depends only on the first order part v P of P . We denote by Θ f the set of differential operators of the form
Lemma 2.2.
The mapping, from L f to Θ f , which associates the first order part v P ∈ Θ f to a first order differential operator P ∈ L f is surjective.
If an algebraic local cohomology class η = h(z)σ ∈ Σ f is a solution of the homogeneous differential equation P η = 0, we have
where v P ∈ Θ f is the first order part of the operator P . It is obvious that, in order to represent η ∈ Σ f in the form η = h(z)σ, it suffices to take the modulo class in O X,O /J f of the holomorphic function h(z) ∈ O X,O . Furthermore any element v in Θ f induces a linear operator acting on O X,O /J f which is also denoted by v:
Now we make the following definition;
Then, by Lemma 2.2, we have the following result; Lemma 2.3.
From the above definition, H f does not depend on the choice of a generator σ.
Let Ann Assume that a function f is quasi-homogeneous. Then the set H f is an one-dimensional vector space Span C {1}.
Proof. Let w = (w 1 , . . . , w n ) be the quasi-weight of the quasihomogeneous function f with w 1 , . . . , w n ∈ N + . By a suitable holomorphic coordinate transformation, f is transformed into a weighted-homogeneous function of the same type w. Since the assertion does not depend on the choice of coordinates, we may assume that f is a weighted-homogeneous function. Denote by σ f the algebraic local cohomology class 1 O consisting of all annihilators of the algebraic local cohomology class σ.
Theorem 3.1.
Let f ∈ O X,O define a hypersurface isolated singularity at the origin. The following three conditions are equivalent; 
